
PHYSICAL REVIEW D, VOLUME 60, 114025
Soft gluon emission process in the color-octet model for heavy quarkonium production

Cheuk-Yin Wong
Physics Division, Oak Ridge National Laboratory, Oak Ridge, Tennessee 37831

~Received 26 May 1999; published 8 November 1999!

The color-octet model has been used successfully to analyze many problems in heavy quarkonium produc-
tion. We examine some of the conceptual and practical problems of the soft gluon emission process in the
color-octet model. We use a potential model to describe the initial and final states in the soft gluon emission
process, as the emission occurs at a late stage, after the production of the heavy quark pair. It is found in this
model that the soft gluonM1 transition1S0

(8)→3S1
(1) dominates over theE1 transition3PJ

(8)→3S1
(1) for J/c

andc8 production. Such a dominance may help resolve the questions of isotropic polarization and color-octet
matrix element universality in the color-octet model.@S0556-2821~99!03721-2#

PACS number~s!: 13.85.Ni, 13.88.1e
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I. INTRODUCTION

Bodwin, Braaten, and Lepage@1# have recently develope
the color-octet model based on nonrelativistic quantum ch
modynamics for very massive quarks which allows a syste
atic calculation of inclusive heavy quarkonium producti
cross sections. It is assumed that in addition to the prod
tion of bound states by the color-singlet mechanism@2#,
bound states are produced by the color-octet mechan
whereby aQQ̄ pair in a color-octet state is first formed eith
by gluon fragmentation or by direct parton reactions, and
color of the pair is neutralized by emitting a soft gluon
low energy and momentum. The cross section for bou
statec production is represented by

s~c!5(
ab

(
c,J,L,S

F~ab→2S11LJ
c!

^0uO~2S11LJ
c→c!u0&

MQ
d

,

~1!

whereab5gg,qq̄, . . . , are theparton combinations leadin
to production, andc51,8 are the color states of thec pre-
cursor. The quantityF(ab→2S11LJ

c) is the short-distance

cross section for the production of aQQ̄ pair with quantum
numbers2S11LJ

c calculated from perturbative QCD~PQCD!,

based on the Feynman diagram forab→(cc̄)cJLS1X. The
matrix element^0uO(2S11LJ

c→c)u0& is the long-distance
probability per unit volume for2S11LJ

c to produce the final
bound statec andd is the scaling dimension of the operat
@1#. For example, for production from the color-singlet sta
2L11LJ

(1) to the bound statecJLS, which has the radial wave
function RJLS(r ), the matrix element is

^0uO1
cJLS~2S11LJ

(1)→cJLS!u0&}UFdLRJLS~r !

drL G
r→0

U2

. ~2!

For production from the color-octet state2S811L8J8
(8) to the

color-singlet bound statecJLS, the color-octet matrix ele-
ment ^O 8

cJLS(2S811L8J8)& specifies the probability per un

volume for theQQ̄ color-octet state2S811L8J8
(8) to emit a soft

gluon in the transition to the bound color-singlet statecJLS.
0556-2821/99/60~11!/114025~15!/$15.00 60 1140
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As the soft gluon emission takes place on a nonperturba
QCD time scale and involves nonperturbative QCD, t
color-octet matrix elements have been treated as phenom
logical parameters@3–11#. Matrix elements have been ex
tracted to yield good agreement with the data of the Colli
Detector at Fermilab~CDF! for high pT heavy quarkonium
production inp̄p collisions atAs51.8 TeV @5,13# and with
the fixed-target data forpN collisions at energies up toAs
540 GeV @6#.

For the color-octet model to be a valid description, o
should be able to describe the process of soft gluon emis
in physical terms. We know the nature of the final state
observed quarkonium, but what is the nature of the ini
color-octet state which emits a soft gluon? What is the nat
of the soft gluon? What is the process of soft gluon em
sion? Which one of the gluon emission processes is m
important in J/c and c8 production? In addition to thes
conceptual questions, there are also the following pract
questions which arise in the application of the color-oc
model.

In the color-octet model for fixed target energies, t
dominant production comes from the fusion of two gluo
forming acc̄ color-octet pair in1S0

(8) and 3PJ
(8) states. The

soft-gluon radiative transition1S0
(8)→3S1

(1) leads to an iso-
tropic angular distribution of decay muons in the quark
nium rest frame; the3PJ

(8)→3S1
(1) transition in contrast pref-

erentially populatesJz561 substates with a large transver
polarization, which leads to anisotropic angular distributio
in the decay of the charmonium to muons. The muon ang
distribution can be inferred from the magnitudes of the m
trix elements^O8

H(1S0)& and ^O8
H(3P0)&/mc

2 . The J/c and
c8 production cross sections at fixed-target energies give
matrix elements@6#

^O8
J/c~1S0!&1

7

mc
2^O8

J/c~3P0!&53.031022 GeV3 ~3!

for J/c production and

^O8
c8~1S0!&1

7

mc
2^O8

c8~3P0!&50.531022 GeV3 ~4!
©1999 The American Physical Society25-1
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for c8 production. On the other hand, the velocity counti
rule of Ref. @1# gives an^O8

H(1S0)& of the same order a
^O8

H(3P0)&/mc
2 . If we set ^O8

H(1S0)&5^O8
H(3P0)&/mc

2 , as
suggested by the velocity counting rule of Ref.@1#, the ex-
pected angular distribution of muons fromJ/c decay will
not be isotropic@6#. The experimental data give an isotrop
distribution forJ/c andc8 production inp-W collisions at
252 GeV@14,15# and 125 GeV@16#.

For the color-octet model to be a valid description, t
color-octet matrix elementŝO8

H(2S811L8J8)& should be in-

dependent of the processes which produce2S811L8J8
(8) . How-

ever, there are unresolved questions concerning this un
sality of the color-octet matrix elements. HighpT CDF
measurements atAs51.8 TeV give@5#

^O8
J/c~1S0!&1

3

mc
2^O8

J/c~3P0!&56.631022 GeV3 ~5!

for J/c production and

^O8
c8~1S0!&1

3

mc
2^O8

c8~3P0!&51.831022 GeV3 ~6!

for c8 production. On the other hand,J/c andc8 production
cross sections at fixed-target energies give the matrix
ments@6# listed in Eqs.~3! and~4!. To check the universality
of matrix elements, we need a relation between^O8

H(1S0)&
and^O8

H(3P0)& for H5$J/c,c8%. If we again use the veloc
ity counting rule of@1# to set ^O8

H(1S0)&5^O8
H(3P0)&/mc

2 ,
the fixed-target matrix elements are a factor of 4~7! smaller
than the CDF matrix elements forJ/c(c8), as pointed out by
Benekeet al. @6#.

We would like to formulate the color-octet model in
form which will allow us to answer these conceptual a
practical questions. We know that the final observed s
can be described nonperturbatively in terms of a poten
model. Since the emission of the soft gluon takes place
long-time scale after the production of theQQ̄ pair, it is
reasonable to describe the initial state which emits a
gluon also in terms of a potential model. The soft-glu
emission matrix element can then be evaluated with w
functions of the initial and final states in this potential mod
and the density of color-octet states. From these form
tions, we find that when a color-octetQQ̄ pair in the1S0

(8) or
3PJ

(8) state emits a very soft gluon to make a transition to
boundH53S1

(1) state, the probability for theM1 radiative
transition 1S0

(8)→3S1
(1) is much greater than that for theE1

transition, 3PJ
(8)→3S1

(1) , and the velocity counting rule
breaks down. We suggest that such a dominance

^O8

3S1(1S0)& over ^O8

3S1(3PJ)&/mc
2 for soft gluon radiation

may help resolve the above questions of quarkonium po
ization and matrix element universality.

This paper is organized as follows. In Sec. II, we form
late the model of quarkonium production in terms of t
short-distance Feynman amplitude and wave functions de
mined from potential models. An explicit expression is o
tained to relate the color-octet matrix element in the col
11402
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octet model to quantities which can be evaluated in
potential model. In Sec. III, we examine the potential b
tweenQ and Q̄ interacting at large distances. When one
lows for the effect of the spontaneous production of lig
quarks to break up the string joiningQ and Q̄, the linear
potential is modified to become a screened potential. We
a screened potential to discuss bound states in Sec. III
continuum resonance states in Sec. IV. Section IV also o
lines how we obtain continuum wave functions which a
needed in the calculation of the cross section. Section
gives the multipole transition matrix elements. As an illu
tration, a simpleM1 to E1 ratio is obtained for the produc
tion of J/c using approximate wave functions. Numeric
results with more realistic potentials are obtained in Sec.
to give the contributions fromM1 andE1 transitions toJ/c
andc8 production. It is found that the soft gluonM1 radia-
tive transition1S0

(8)→3S1
(1) dominates over theE1 transition

3PJ
(8)→3S1

(1) for J/c and c8 production. Section VII sum-
marizes and concludes the present discussions.

II. HEAVY QUARKONIUM PRODUCTION
FROM PARTON COLLISIONS

To obtain the cross section for the production of quark
nium bound states in a hadron-hadron collision, it suffices
focus on the production cross section in parton collisions
the former can be obtained from the latter by folding t
parton distribution functions of the colliding hadrons. W
consider the collision of the partona with the partonb to
produce the initialQQ̄ pair. The heavy quarkonium produc
tion amplitude can be obtained by projecting out the st
vector of theQQ̄ pair onto the quarkonium bound state. W
shall show in detail how this is carried out to yield th
quarkonium production cross section.

The production of a heavy quark pair is a fast process.
can follow the time evolution of the state vector of theQQ̄
pair. The state vector resulting from the collision ofa andb
at initial production timet i is

uFab~ t i !&5uFab
QQ̄~ t i !&1uFab

QQ̄g~ t i !&1•••, ~7!

where

uFab
QQ̄~ t i !&5E d3Q

~2p!32EQ

d3Q̄

~2p!32EQ̄

~2p!4

3d (4)~Pi2Pf !M~ab→QQ̄!uQQ̄&, ~8!

uFab
QQ̄g~ t i !&5E d3Q

~2p!32EQ

d3Q̄

~2p!32EQ̄

d3g

~2p!32Eg

~2p!4

3d (4)~Pi2Pf !M~ab→QQ̄g!uQQ̄g&. ~9!

Here,Pi andPf are the initial and final four-momentum. Th
matrix elementsM can be obtained in perturbative QC
using Feynman diagrams and renomalization procedures

For a sufficiently large value oft, the initial state in Eq.
~7! will evolve to become
5-2
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uFab~ t !&5(
x
E dFcx~2p!4d (4)~Pi2Pf !

3M~ab→cJLSx!ucJLSx&, ~10!

wherex denotes the number of hard gluons, anddFcx is the
corresponding phase space volume element. For example
ab→c, dFc is

dFc5
d3Pc

~2p!32Ec

, ~11!

and forab→cg with the emission of a hard gluon,dFcg is

dFcg5
d3Pc

~2p!32Ec

d3g

~2p!32Eg

. ~12!

The cross section for the production of the quarkonium s
cJLS by the collision of partonsa andb is then

ds~ab→cJLSx!5
1

4I
~2p!4d (4)~Pi2Pf !

3(
x

uM~ab→cJLSx!u2d Fcx ~13!

where I 5A(pa•pb)22ma
2mb

2. It is necessary to obtain

M(ab→cJLSx) from M(ab→QQ̄x) in order to calculate
the production cross section. We shall show how this rela
can be obtained in the present model description.

One can first separate out the center-of-mass motion
the relative motion of theQQ̄ pair in terms of their total
momentumP and their relative momentumq. The heavy
quark momentum is thenQ5P/21q, the antiquark momen
tum is Q̄5P/22q, and the state of the center-of-mass m
tion can be represented by the plane wave stateuQQ̄& which
is equivalent touqP&. They are related by the ratio of the
normalization constants.

We look first at the situation whenQ andQ̄ are not inter-
acting to introduce their interaction through a mutual pot
tial V later on. Part of the phase space elements,d4Q d4Q̄, in
Eqs.~8! and ~9! can be transformed into

d4Q

~2p!3 d~Q22mQ
2 !

d4Q̄

~2p!3
d~Q̄22mQ̄

2
!

5
d4P

~2p!3d~P22s!
d4q

~2p!3
dS P•q

2 D , ~14!

whereAs is the invariant mass of theQQ̄ system. To study
the dynamics of the relative momentum, it is best to refe
the center-of-mass system whereP5(As,0), q5(0,q), and
the relative momentumq satisfies the following equation:

ev
2 2q22mv

2 50, ~15!

where
11402
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s22mQ

2

2mP
, ~16!

andmv is the reduced mass

mv5mQ
2 /As . ~17!

Next, we consider the system with a mutual timelike vec
interactionV. The equation of motion can be obtained fro
Eq. ~15! by the canonical method of replacingew with ew
2V(r ). The Klein-Gordon equation for the two-particle sy
tem under a mutual timelike vector interactionV(r ) is

$@ev2V~r !#22q22mw
2 %C~r!50. ~18!

Similar two-body equations of constraint dynamics for mo
complicated cases with spin and very general types of in
actions can be found in Ref.@17#. Because of the large mas
of the heavy quark, it is convenient to use nonrelativisticQQ̄
wave functions and state vectors. The Klein-Gordon eq
tion becomes the Schro¨dinger equation

H q2

2mv
1V~r !2eJ C~r!50, ~19!

wheree5ev2mv is the nonrelativistic measure of energ
and mv;MQ/2. The eigenvaluee of the bound state is re
lated to the masses byAs5e12mQ . The bound state wave
function can be written in the form

CJLS~r!5RJLS~r !YJLS~ r̂!. ~20!

The wave function in momentum space is then

cJLS~q!5E dr e2 iq•rCJLS~r!. ~21!

Heavy-quarkonium bound states have been obtained pr
ously with many different forms of potentials@18#.

In nonrelativistic kinematics with a center-of-mass m
tion, P5(P0 ,P), andq5(q0 ,q)'(0,q). One can perform a
decomposition of the relative wave function in terms of co
and angular momentum states. The amplitudes in Eq.~7! can
be decomposed as

M~ab→QQ̄x!uQQ̄&5 (
cJLS

M JLS
c ~qx!uqP&, ~22!

whereM JLS
c (qx) is

M JLS
c ~qx!5A JLS

c ~ uqux!Y JLS
c ~ q̂! ~23!

with Y JLS
c (q̂) the angular momentum and color wave fun

tion. For simplicity of notation, the azimuthal angular m
mentum componentM and the color component of the colo
multiplet in Y JLS

c will not be written out explicitly. The
bound statecJLS can be described as

ucJLSP&5E dq

~2p!3 cJLS~q!uqP&. ~24!
5-3
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In the lowest order of approximation without soft gluo
emission, the probability amplitude for the direct producti
of cJLS is obtained by projectingcJLS ontoFab(t i). We use
the normalization for the center-of-mass motion

^P8uP&5~2p!32EPd~P82P! ~25!

and the usual convention for nonrelativistic relative motio

^q8uq&5~2p!3d~q82q!. ~26!

To carry out the projection ofFab(t i) ontocJLS, we use Eq.
~22! to write Eqs.~8! and ~9! as

uFab
QQ̄~ t i !&5E d3Q

~2p!32EQ

d3Q̄

~2p!32EQ̄

~2p!4

3d (4)~Pi2Pf ! (
cJLS

M JLS
c ~q!uqP&, ~27!

uFab
QQ̄x~ t i !&5E d3Q

~2p!32EQ

d3Q̄

~2p!32EQ̄

d3g

~2p!32Eg

3~2p!4d (4)~Pi2Pf ! (
cJLS

M JLS
c ~qx!uqP&.

~28!

The scalar product ofucJLSPx& with the above state vector

^cJLSPxuFab
QQ̄x(t i)&, can be evaluated by transforming to th

variablesP andq with Eq. ~14!. Using Eq.~24!, we obtain

^cJLSPxuFab
QQ̄x~ t i !&5~2p!4d (4)~Pab2Pc!

2

mJLS

3E d3q

~2p!3cJLS* ~q!M JLS
(1) ~qx!. ~29!
ta
ve
e
th

11402
Therefore, from the above result and the definition
M(ab→cJLSx) as given by Eq.~10!, we get

M~ab→cJLSx!5
2

mc
^cJLS~q!uM JLS

(1) ~qx!&, ~30!

where

^cJLS~q!uM JLS
(1) ~qx!&5E d3q

~2p!3 cJLS* ~q!M JLS
(1) ~qx!,

~31!

which involves only color-singlet components ofuFab(t i)&.
Thus, if the bound state wave function is known, the abo
overlap will give the matrix element and the color-sing
contribution to the quarkonium production cross section
Eq. ~13!.

In many approximate calculations one expan
A JLS

(1) (uqux) in powers of the velocityv5uqu/MQ and retains
only the leading term

A JLS
(1) ~ uqux!;ĀJLSx

(1) 3U q

MQ
UL

, ~32!

where

ĀJLSx
(1) 5

MQ
L

L! F dL

duquL
A JLS

(1) ~ uqux!G
uqu→0

. ~33!

Then the above projection in Eqs.~30! and~31! gives theLth
derivative of the wave function at the origin@19–21#:
^cJLS~q!uM JLS
(1) ~qx!&5ĀJLSx

(1) K cJLS~q!UU q

MQ
ULUY JLS

c L
5ĀJLSx

(1) ~2 i !L
~2L11!!!

MQ
L 4pL! FdLRJLS~r !

drL G
r→0

. ~34!
The cross section can then be separated into a short-dis
part involving ĀJLSx

(1) and the long-distance nonperturbati
part involving theLth derivative of the bound state wav
function at the origin. We can write the above results in
notation of the color-octet model of Eq.~1!:

s~c!5(
ab

(
c,J,L,S

F~ab→2S11LJ
c!

^0uO~2S11LJ
c→c!u0&

MQ
2L

,

~35!
nce

e

where

F~ab→2S11LJ
(1)!

5E 1

4I
~2p!4d (4)~Pi2Pf !

3S 2

mc
D 2

(
x

L! uĀJLSx
(1) u2

4p2Nc~2L11!!!
dFcx , ~36!
5-4
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and

^0uO~2S11LJ
(1)→c!u0&

MQ
2L

5
2Nc

4p

~2L11!!!

L! FdLRJLS~r !

MQ
L drL G

r→0

2

,

~37!

which agrees with Bodwinet al. @1#.
In addition to these color-singlet contributions, the colo

octet model further postulates a much slower process w
the emission of a soft gluongs , different from the emission
of the hard gluong in perturbative QCD already included i

the second amplitudeuFab
QQ̄g& of Eq. ~7!. One can describe

the emission of a soft gluon by studying further evolution
the stateuFab(t i)& under the influence of the color field i
the form

uFab~ t !&5U~ t,t i !uFab~ t i !&

;S 12 igE
t i

tE ĵ •Â d3x dtD uFab~ t i !&, ~38!

where we shall focus attention on soft gluons only for t
gluon fieldA.

The probability amplitudeM(ab→cJLSgs) for the pro-
duction of the bound statec(JLS) accompanied by a sof
gluon gs is

~2p!4d~Pab2Pc2pg!M~ab→cJLSgs!

5^~cJLSPcq!gsuFab~ t !&

5^~cJLSPcq!gsu~2 ig !E ĵ •Â d3r dtuFab~ t i !&,

~39!

where we have used the notationgs with the subscripts to
denote a soft gluon emitted by a color-octet state. Using E
~8! and~14!, the right-hand side~RHS! of the above equation
becomes
11402
-
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RHS of~39!5 (
J8L8S8

E d4P

~2p!3 d~P22mP
2 !

d4q

~2p!3 dS P•q

2 D
3~2p!4d (4)~Pab2P!^~cJLSPcq!gsu~2 ig !

3E
t i

tE ĵ •Â d3r dt MJ8L8S8
(8)

~q!uqP&. ~40!

One envisages that in order to emit a soft gluon, the s
Fab must have evolved for a long time and has characte
tics of nonperturbative states. It is therefore reasonable
postulate that the soft gluon is emitted by an intermedi
nonperturbative statecJ8L8S8

(8) best described nonperturba

tively in terms ofQ and Q̄ interacting in a potential. It is
appropriate to expand the intermediate states in terms
cJ8L8S8

(8) with an invariant massmJ8L8S8 using

(
J8L8S8

E dmJ8L8S8

dn

dmJ8L8S8

ucJ8L8S8
(8) &^cJ8L8S8

(8) u51.

~41!

Heredn/dmJ8L8S8 is the density of these color-octetcJ8L8S8
(8)

states with a specific polarization and color-octet compon

dn

dmJ8L8S8

5
mQ

3/2

~2p!2
AmJ8L8S822mQ2

L8~L811!

mQR2
,

~42!

whereR is the average radius of theQ-Q̄ separation of the
color-octet state which emits the soft gluon. It can be tak
approximately as theQ-Q̄ separation of the final color
singlet quarkonium state. For the emission of a soft glu
through the intermediate color-octet statecJ8L8S8

(8) , the right-
hand side of Eq.~39! is
plitude,
RHS of Eq.~39!5 (
J8L8S8

E d4P

~2p!3 d~P22mJ8L8S8
2

!
d4q

~2p!3 dS P•q

2 D ~2p!4d~Pab2P!

3^~cJLSPc!gsu~2 ig !E
t i

tE ĵ •Â d3x dtucJ8L8S8
(8) P&dmJ8L8S8

dn

dmJ8L8S8

^cJ8L8S8
(8) uMJ8L8S8

(8)
~q!uq&.

~43!

The integral overq can be carried out to give

E d4q

~2p!3 dS P•q

2 D ^cJ8L8S8
(8) uMJ8L8S8

(8)
~q!uq&5

2

mJ8L8S8
E d3q

~2p!3cJ8L8S8
(8)* ~q!MJ8L8S8

(8)
~q![

2

mJ8L8S8

^cJ8L8S8
(8)

~q!uMJ8L8S8x
(8)

~q!&.

~44!

Thus, the amplitude involves a projection of the color-octet Feynman amplitude onto a color-octet nonperturbative am
5-5
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^cJ8L8S8
(8) (q)uMJ8L8S8

(8) (q)&, similar to the projection of the color-singlet component onto a color-singlet amplitude as giv
Eq. ~30!. One can thus similarly relate this projection to theLth radial derivative of the spatial wave function, as was sho
in Eq. ~34!. One obtains

^cJ8L8S8
(8)

~q!uM J8L8S8
(8)

~q!&

MQ
L8

5ĀJ8L8S8
(8)

~2 i !L8
~2L811!!!

MQ
L84pL8!

FdL8RJ8L8S8~r !

drL8 G
r→0

, ~45!
tri

-

nd
-

in

soft
where

ĀJ8L8S8
(8)

5
MQ

L

L8! F dL8

duquL8
A J8L8S8

(8)
~ uqu!G

uqu→0

. ~46!

To evaluate the long-distance soft gluon radiation ma
element, we have

Âm5(
k
A 4p

2vg
@ ĉke

mei (k•r2vgt)1 ĉk
†em* e2 i (k•r2vgt)#,

~47!

wherevg is the soft gluon energy,em is the gluon polariza-
tion vector,ck and ck

† are the creation and annihilation op
erator for the soft gluon. Therefore, we have

^~cJLSPc!gs~pg!u~2 ig !E
t i

t

ĵ •Â d3r dtucJ8L8S8
(8)

~q!P&

5VJ8L8S8→JLS~2p!3d~P2Pc2Pg!

3E
t i

t

e2 i (Ei2Ef2vg)tdt,

where

VJ8L8S8→JLS52 igA 4p

2vg
em* E j J8L8S8→JLS

m
~r!e2 ik•r dr,

~48!

the timelike component ofj f i
0 (r)5r f i(r) is

r f i~r!5E dr1 dr2 c f* ~r1 ,r2! (
n51

2

d~r2rn!c i~r1 ,r2!,

~49!

wherer1 ,r2 refer to the coordinates of the heavy quark a
antiquark, andc i andc f are the initial and final wave func
tions. The spacelike component is
11402
x

j f i~r!52
ig

2MQ
@c f* ~r!¹c i~r!2c i* ~r!¹c f~r!#

1
gmQ

2MQ
¹3@c f* ~r!sc i~r!#, ~50!

wheremQ;2 is the color-magnetic moment of the quark
units of the color Bohr magneton. Therefore, from Eqs.~39!
and ~43!, we have

M~ab→cJ8L8S8
(8) →cJLSgs!

5^cJ8L8S8
(8)

~q!uMJ8L8S8
(8)

~q!&VJ8L8S8→JLS

3
A2EJ8L8S8

mJ8L8S8
2 2p

dn

dmJ8L8S8

, ~51!

whereEJ8L8S85AmJ8L8S8
2

1(a1b)2. From Eq.~13!

ds~ab→cJLSgs!

5
1

4I (
xJ8L8S8

uM~ab→cJ8L8S8
(8) →cJLSgs!u2~2p!4

3d (4)~Pi2Pf !dFcgs
, ~52!

where the phase space volume elementdFcgs
includes both

the soft and the hard gluons. For this case when only a
gluon is emitted,dFcgs

is given by

dFcgs
5

d3Pc

~2p!32Ec

d3gs

~2p!32Egs

. ~53!

We have then

ds~ab→cJLSgs!

5
1

4I (
xJ8L8S8

S 2

mJ8L8S8
D 2

u^cJ8L8S8
(8)

~q!uMJ8L8S8
(8)

~q!&u2

3uVJ8L8S8→JLSu2
1

4mJ8L8S8
2 S 2p

dn

dmJ8L8S8
D 2

3
upcu

8p2
dVc , ~54!
5-6
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whereupcu is the magnitude of the momentum ofcJLS in the
rest frame of cJ8L8S8

(8) . One can expand

^cJ8L8S8
(8) (q)uMJ8L8S8

(8) (q)& out according to Eq.~45! and ob-
tain

ds~ab→cJLSgs!

5
1

4I (
xJ8L8S8

S 2

mJ8L8S8
D 2

uĀJ8L8S8
(8) u2

3
~2L811!!!

4pL8! UFdL8RJ8L8S8~r !

MQ
L8drL8 G

r→0

U2

3uVJ8L8S8→JLSu2
1

8mJ8L8S8
2 S dn

dmJ8L8S8
D 2

upcudVc .

~55!

We can then compare the above results with the express
in the color-octet model, which we write in the form

ds~ab→cJLSgs!

5
1

4I (
J8L8S8

f ~ab→J8L8S8!~2p!4

3d (4)~pa1pb2pc!
d3pc

~2p!32Ec

^O8
JLS~J8L8S8!&

MQ
2L8

,

~56!

where
v
tin
ri

f

11402
ns

f ~ab→J8L8S8!

5
1

4I (
J8L8S8

S 2

mJ8L8S8
D 2UA ~2L811!!!

4pCJ8L8S8L8!
ĀJ8L8S8

(8) U2

,

~57!

where CJ8L8S85(number of polarization)3(Nc
221) for the

color-octet state$J8L8S8%. We observe the following differ-
ences. The color-octet model result of Eq.~56! assumes tha
the soft photon does not carry energy, hence the cross se
is a delta function of the total parton invariant mass, cente
at the invariant mass ofcJLS. The soft gluon makes no
contribution to the phase space volume element and the
trix element is parametrized as unknown constants. On
other hand, when one takes into account the details of
emission process to obtain the results in Eq.~55!, the cross
section is a continuous function of the total parton invaria
massmJ8L8S8 . The production ofcJLS occurs within the in-
variant mass interval from the minimummJ8L8S8~min!, at
which the color-octet state begins to exist, to the maxim
value mJ8L8S8(max)5mJLS1vg(cutoff), which corresponds
to the maximum gluon energy of the soft gluon process. O
envisages that gluons with energiesvg higher than
vg~cutoff! will be emitted at a shorter time scale and will b
described by perturbative QCD and not by the soft glu
emission process through an intermediary nonperturba
state. As the time to travel the length ofR/2 of a J/c corre-
sponds to an energy scale of 2\/R, this vg~cutoff! energy
should be smaller for a final quarkonium state with a grea
radius~such asc8). Furthermore, another difference is th
the cross section of Eqs.~52! and~55! in the present descrip
tion is given in terms of transition matrix elements of no
perturbative wave functions, and the phase-space volum
ement includes the effect of the additional soft gluon.

In an approximate comparison by integrating Eqs.~55!
and ~56! over mJ8L8S8, we get the approximate equivalenc
^O(8)~J8L8S8→JLS!&

MQ
2L8

;EJLSE
mJ8L8S8(min)

mJ8L8S8(max)

dmJ8L8S8UACJ8L8S8~2L811!!!

4pL8!
FdL8RJ8L8S8~r !

MQ
L8drL8 G

r→0

U2

3uVJ8L8S8→JLSu2
1

8pmJ8L8S8
2 S dn

dmJ8L8S8
D 2

upcudVc . ~58!
We shall consider the soft gluon to have large wa
lengths which are greater than the dimension of the radia
system. In this long wavelength approximation the mat
elementVf i has been worked out in detail@see Eqs.~46.6!
and ~46.7! of Ref. @22##. The results for gluon radiation o
multipolarity LM are

uVf i u254
~L11!

L

vg
2L11

@~2L11!!! #2
uMLM

(e,m)u2. ~59!
e
g

x

For electric transition of multipolarityLM , the multipole
transition moment is

MLM
(e) 5gE dr r f i~r!r LYLM~ r̂!. ~60!

For magnetic transition of multipolarityLM , the multipole
transition moment is

MLM
(m)5

1

L11E dr r3 j f i~r!•¹~r LYLM~ r̂!!. ~61!
5-7
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TABLE I. Charmonium states obtained with the screened potential Eq.~63!.

Calculated Experimental Calculated Experimen
Bound state Resonance energy~GeV! energy~GeV! Gee1 ~keV! Gee1 ~keV!

1S 3.145 3.07 8.11 5.2660.37
2S 3.560 3.66 2.57 2.1460.21

3S 3.947 4.04
1P 3.476 3.52

2P 3.971
1D 3.801 3.77
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III. POTENTIAL MODEL FOR Q AND Q̄ INTERACTING
AT LARGE DISTANCES

We wish to describe the nonperturbative interaction
tweenQ andQ̄ in terms of a potential model. Such an inte
action is known forQ and Q̄ in the color-singlet state. The
interaction consists of an attractive short-range co
Coulomb interaction and a long-range linear potential. FoQ

and Q̄ in a color-octet state, the short-range color-Coulo
interaction is repulsive. From lattice calculations for gluon
excitation in the presence of a static quark-antiquark pair,
spectrum appears to rise linearly with the relative separa
betweenQ andQ̄, indicating an effective linear potential fo
color-octet states@12#. We can write theQ-Q̄ potential as

Vc~r !5Cc

as

r
1scr ~c51,8!, ~62!

whereC1524/3, C851/6, as is the strong interaction cou
pling constant,s1;1 GeV/fm, buts8 is not known.

The confining potential given in Eq.~62! is a good de-
scription if the spontaneous production of light quark pairs
not considered. However, when a quark and an antiqu
pull far apart, the string joiningQ andQ̄ breaks. Evidence o
string breaking comes experimentally in the production o
large number of pions ine1e2 annihilation at high energie
@23,24#. Theoretically, the pair production will occur spont
neously through the Schwinger mechanism whenQ is sepa-
rated fromQ̄ at a distancer such thatsr is greater than the
mass of aqq̄ pair @25#. When the string breaks, the intera
tion betweenQ and Q̄ will be screened and will become
weak color–van del Waal–type interaction, instead of
strong linear interaction. The asymptotic behavior of t
Q-Q̄ potential is therefore drastically changed when
spontaneous production of light quark pairs is allowed.
stead of the confining behavior as usually assumed, it is m
appropriate to describe the motion of theQ andQ̄ effectively
as having an asymptotically free motion atr→`, on account
of the breakup of the string due to the spontaneous prod
tion of a light quark pairsqq̄, leading to the production of a
Qq̄ and aQ̄q.

The influence of the dynamical light quarks on theQ-Q̄
potential has been investigated theoretically by Laerm
and collaborators@26,27# using lattice gauge theory. It i
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found that including the dynamical quarks in the latti
gauge theory leads to a potential which deviates from
linear potential. The modified interaction can be described
the form of a screened color-Yukawa potential. Because
this screening due to dynamical quarks, a more realisticQ-Q̄
potential becomes@26,27#

Vc~r !5Cc

ase
2mr

r
1scr

12e2mr

mcr
2

sc

mc
, ~63!

where we have used the reference that the potential vani
at r→`.

Under the potentialVc(r ) given above, nonperturbativ
QQ̄ statescJLS

c (r ) can be obtained by solving the Schr¨-
dinger equation

H 2
1

MQ
¹21Vc~r !J cJLS

c ~r!5ecJLS
c ~r!, ~64!

wheree5mJLS22MD .
In our approximate treatment for charmonium, we co

sider a single heavy object which can travel at all distanc
with the provision that in going from small distances to lar
distances, the nature of this object changes from bein
charm quark at small distances to becoming an open ch
D-meson at large distances. Thus, the mass of this he
object should also change from that of the charm quark m
to aD-meson mass. We describe such a variation of the m
by the effective mass

MQ~r !5MD2
MD2Mc

11 exp$~r 2r m!/am%
, ~65!

where we shall user m50.8 fm andam50.2 fm to describe
the change in nature of this heavy object at a distance
r m;0.8 fm.

We use the potential~63! and the effective mass~65! to
study the charmonium bound states and the resonances i
continuum. The latter are characterized by an asympt
phase shift of (2n11)p/2 wheren is an integer. A reason
5-8
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SOFT GLUON EMISSION PROCESS IN THE COLOR- . . . PHYSICAL REVIEW D 60 114025
able description of the bound states and resonances ca
obtained~Table I! by using the parameters ofas50.3, s1

51.7 GeV/fm,m50.28 GeV, andMc51.6 GeV. A potential
similar to Eq.~63! has been used successfully to study
energy spectrum of charmonium states@28#. As in this earlier
work, we find that a large value of the parameters1 is
needed when the linear interaction is modified to take
form of the screened potential of Eq.~63!. We shall use this
potential to generate theJ/c andc8 wave functions for sub-
sequent studies.

The behavior of the color-octet (QQ̄)8 states can be stud
ied by looking at the states in the potential~63!. The color-
octet potential is repulsive at short distances. For sufficie
large values ofs8, there is a potential pocket at intermedia
distances. Depending on the mass of the quark and the s
tensions8, the pocket of the color-octet potential may hold
bound state. The greater the rest mass of the quark,
greater the chance of a color-octet bound state. In this
spect, there may be a greater chance of finding a color-o
bound state in abb̄ system compared to acc̄ system.

If the linear potential parameters8 for color-octet states is
greater than 0.31 GeV/fm, then the potential pocket will h
a bound@cc̄#8 state.~The state is bound in the sense that
mass is less than 2MD , but it is unstable against the emi
sion of a gluon.! There is, however, little experimental info
mation on the color-octet states of either acc̄ or a bb̄ sys-
tem. Compared to color-octet states in the continuum
bound color-octet state is distinguished by its relativ
longer lifetime, as the only decay mode is the emission
soft gluons, and the emission rate is lower for the bound s
because the energy difference between the initial and
final state is less for a bound color-octet state. A long-liv
color-octet quarkonium will travel a large distance before
color is neutralized.

It is of interest to examine the signature of a long-liv
bound color octet state. Its only decay channel is the em
sion of a gluon to come down to color-singletQQ̄ bound
states. The emitted gluon will be converted to a lightqq̄ pair.
If the initial color-octetcc̄ pair has a high kinetic energ
relative to its complementary color-octet partner~which is
either a@qq̄#8 or a @q(qq)#8), then theqq̄ from the emitted
gluon will form two chains of light mesons~mostly pions!
with the color-octet partner as shown in Fig. 1.

In the more general case when the color-octet is acc
panied by two color-octet partners~one from the projectile
hadron and one from the target hadron!, the emitted gluon
from the @QQ̄#8 color-octet needs to branch out into tw
gluons, which will be converted into two pairs of light@qq̄#8
pairs to form four chains of produced light mesons.

To search for long-lived color-octet states, it is useful
look at the kinematic regions where the produced he
quarkonium is kinematically separated from the other de
of the collision, as in the case ofJ/c or Y at large values of
xF . The signature of a long-lived color-octet quarkoniu
state may show up as a quarkonium at one end accompa
by hadrons which arise from the breaking of strings joini
this color-octet and its complementary color object at
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other end. There will be chains of pions in the rapidity g
between the produced quarkonium state and its complem
tary partner. Thus, the search and the measurement o
chains of hadrons with a leading quarkonium state may
veal the existence and the characteristics of the quarkon
as a color-octet state. In the situation that the pocket is
deep enough to hold a bound color-octet state, then the
termediate color-octet statecJ8L8S8

(8) , through which the soft
gluon is emitted, can only be in the continuum.

IV. CONTINUUM STATES

For an intermediate color-octet state in the continuum,
cross section for the emission of soft gluons depends on
wave function in two ways. First, it is needed to give t
overlap between the amplitude from perturbative QCD
given by Eq.~45!. It is also needed to obtain the transitio
matrix element for soft gluon emission~given in the next
section!.

To obtain the continuum wave function, we follow th
phase-angle method discussed in detail by Calogero@29#. We
write the wave function as

cJLS~r!5RJLS~r !YJLS~ r̂!5
uJLS~r !

kr
YJLS~ r̂! ~66!

and represent the wave function in terms of the amplitu
aL(r ) and the phase shiftdL(r )

uJLS~r !5
aL~r !

aL~`!
D̂L~kr !sin@ d̂L~kr !1dL~r !#A 4p

2l 11
,

~67!

FIG. 1. Schematic picture to show how a bound color-oc

@QQ̄#8 and its color-octet partner@qq̄#8 ~or @q(qq)#8) evolve into
color-singlet objects.
5-9
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CHEUK-YIN WONG PHYSICAL REVIEW D 60 114025
with the boundary condition thatdL(r→0)50. The func-
tions D̂(kr) and d̂(kr) are known functions@29#:

D̂0~x!51, D̂1~x!5~111/x2!1/2 ~68!

and

d̂0~x!5x; d̂1~x!5x2tan21 x. ~69!

The equation fordL(r ) is @29#

d

dr
dL~r !52

U~r !

k
D̂L

2~kr !$sin@ d̂L~kr !1dL~r !#%2,

~70!

where U(r )5MQ(r )Vc(r )1@MD2MQ(r )#e. After the
function dL(r ) is evaluated, the amplitude can be obtain
from dL(r ) by

aL~r !5 expH 1

2kE0

r

dsU~s!D̂L
2~ks!sin 2@ d̂L~ks!1dL~s!#J .

~71!

The numerical integration of Eq.~70! gives the asymptotic
phase shiftd(`) and the continuum wave function. The e
ergies at which the asymptotic phase shiftsd(`) are
(23 integer11)p/2 are the locations of the resonances
shown in Table I.

For the wave function and its derivatives at the origin, it
useful to express the effect of the potential in terms of theK
factor, the analogue of the Gamow factor for the Coulo
interaction@30#. The wave function@Eq. ~67!# near the vicin-
ity of the origin is given by

RJLS~r !5
uJLS~r !

kr
5

aL~r !

aL~`!
j L~kr !A 4p

2L11

;
aL~r !

aL~`!

~kr !L

~2L11!!!
A 4p

2L11
. ~72!

Therefore, for the factor in Eq.~55!, we have

A~2L11!!!

4pL!

1

MQ
L

dLRJLS~r !

drL U
r→0

5
aL~r !

aL~`!

kL

MQ
L
A L!

~2L11!!! ~2L11!
. ~73!

Compared to the case of no interaction for whicha(r )51,
the probability is modified by a factor, theK factor,

KL5UaL~r→0!

aL~`!
U2

. ~74!

In terms of theK factor, the square of theLth derivative of
the wave function at the origin is
11402
d

s

b

UA~2L11!!!

4pL!

1

MQ
L

dLRJLS~r !

drL U
r→0

U2

5KLU k

MQ
U2L L!

~2L11!!! ~2L11!
. ~75!

An example of theK factor is the Gamow factor arising from
the Coulomb interaction. OurK factors obtained numerically
can be checked by noting that for the Coulomb interact
with V(r )52a/r , theK factor can be obtained analyticall
and shown to be

KL~h!5
~L21h2!@~L21!21h2# . . . ~11h2!

@L! ~2L11!!! #2

3
2ph

12 exp$22ph%
, ~76!

whereh5a/v.

V. MULTIPOLE TRANSITIONS

We can evaluate the square of the matrix elementuVf i u2
for the emission of soft gluons based on the analogous m
tipole expansion for the emission of electromagnetic wa
@22,31#.

FIG. 2. Schematic picture of the color-singlet potentialV(1)(r ),
color-octet potentialV(8)(r ), the initial color-octet statecJ8L8S8

(8) ,
and the final color-singlet statecJLS

(1) in a soft-gluon emission pro-
cess.
5-10
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We consider the production of aQQ̄ pair by parton col-
lisions at an energye above theDD̄ threshold. TheQQ̄ can
be in many different angular momentum states. After a n
perturbative time scale, theQQ̄ pair will evolve into nonper-
turbative statescJ8L8S8

(8) . We consider the continuum color
octet statescJ850,L850,S850

(8) (1S0
(8)) andcJ,L851,S851

(8) (3PJ
(8))

which can decay down to the color-singletcJ51,L50,S51
(1)

(3S1
(1)) state by the emission of a gluon of energyvg5e

1B whereB is the binding energy of3S1
(1) ~see Fig. 2!. ~For

brevity of notation, the color state superscript in the wa
functioncJLS

c is often understood.! The square of the matrix
elements for the emission of a gluon of energyvg5e1B

from the continuum color-octetQQ̄(1S0
(8)) state to the bound

color-singletH5(3S1
(1) ,Sz50) state through anM1 transi-

tion is given by@22,31#

uVM1~1S0
(8)→3S1

(1)!u25S 8

9Dvg
3uM108 u2. ~77!

The magnetic dipole transition matrix elementM108 is

M108 5
g

2MQ
A 3

4p (
i 5Q,Q̄

E d3r cQQ̄
†

~1S0
(8)!m iszicH~3S1

(1)!,

~78!

where mQ is the color-magnetic dipole moment ofQ and
mQ̄52mQ;2. The cQQ̄ wave function for the color-octe
QQ̄(J850,L850,S850) pair in the continuum can be writ
ten as

cQQ̄~J8L8S8!5
u~1S0

(8),r !

kr
YJ8L8S8 . ~79!

The wave function for the boundcJLS state can be written a

cJLS5
u~3S1

(1) ,r !

r
YJLS. ~80!

From Eqs.~77!–~80!, the matrix elementM108 is given by

M108 5
2g

MQk
A 3

4pE u~1S0
(8),r !u~3S1

(1) ,r !dr. ~81!

We shall evaluate the above matrix element with wave fu
tions obtained from the potential model. As an illustration
the order of magnitude, we can consider the simple case

u~1S0
(8),r !5 sin~kr !A4p ~82!

and the lowest bound3S1 state wave function as

u~3S1
(1),r !

r
52Ak3e2kr ~83!

wherek5AMQB. Then the square of the matrix element f
M1 gluon radiation from1S0

(8) to 3S1
(1) is
11402
-

e

-
f
f

uVM1~1S0
(8)→3S1

(1)!u25
32g2~mQ2mQ̄!2vg

3

3MQ
2

k5

~k21k2!4 .

~84!

The M1 transition rate is constant ask→0 because it in-
volves the spatial overlap of twoS-state wave functions.

The square of the matrix element for the emission o
gluon of energyvg from the continuum@QQ̄(3PJ

(8)),Jz

5Sz# state to the boundH5(3S1
(1) ,Sz) state through an

E1(m50) transition is@31#

uVE1~3PJ
(8)→3S1

(1)!u25S 8

9Dvg
3uQ10u2. ~85!

The electric dipole transition matrix element is

Q105gA 3

4p (
i 5Q,Q̄

E d3r CQQ̄
†

~3PJ
(8)!ziCH~3S1

(1)!

5
ig

k
A 3

4pE u~3PJ
(8) ,r !ru~3S1

(1) ,r !dr. ~86!

As an illustration, we shall again evaluate this matrix e
ment with a wave function for the noninteracting case wh
the u( 3PJ

(8),r ) is

u~3PJ
(8) ,r !5S sinkr

kr
2coskr DA4p

3
. ~87!

The square of the matrix element forE1 gluon radiation
from 3PJ

(8) to 3S1
(1) is

uVE1~3PJ
(8)→3S1

(1)!u25
83256g2

27
vg

3 k5k2

~k21k2!6 . ~88!

TheE1 transition rate vanishes ask→0. This arises becaus
the transition matrix element involves the product of t
S-state wave function, which peaks at the origin, with t
continuumP-state wave function, which vanishes at the o
gin. The product is zero in the long wavelength (k→0) limit
and increases with increasing kinetic energy.

For the simple case when there is no interaction in
color-octet state, the ratio of the squares of the matrix e
ments for the production of the lowestc state are

uVM1~1S0
(8)→3S1

(1)!u2

uVE1~3PJ
(8)→3S1

(1)!u2
5

9mQ
2

16

vg
2

eMQ
. ~89!

With mQ52, we see that thisM1/E1 ratio is large for soft
gluons which carry energies slightly greater than the bind
energyB. The M1 transition arises from the spin transitio
current. In contrast, theM1 transition arising from the spa
tial transition currents would lead to anM1/E1 ratio varying
asv254q2/MQ

2 . In the present case, because of the angu
momentum and spin selection rules, there is only a contri
tion to theM1 transition from the spin transition current, an
the usual velocity counting rule based on the spatial tra
5-11



e
tri
o-

g

te

cr
u

th
lo
b
s

a
y
in
te
s

nd
at
i-
e

d
h
d
of
iv

the
to

-

the
ent

of
p-

on
eV.

t

ctet

ate.

n-

t
on

CHEUK-YIN WONG PHYSICAL REVIEW D 60 114025
tion currents breaks down@31#. The ratio of theuVi j u2 for the
production of thec8 state will be more complicated as th
c8 wave function contains one node and the radial ma
elements will involve cancellation of contributions of opp
site signs.

VI. CONTRIBUTIONS FROM M1 AND E1 TRANSITIONS
TO J/c AND c8 PRODUCTION

From Eq.~55!, we note that the cross section for goin
through different intermediate color-octet statesJ8L8S8 de-
pends mainly on the product

UCJ8L8S8A~2L811!!!

4pL8!

1

MQ
L8 FdL8RJ8L8S8~r !

drL8 G
r→0

U2

3uVJ8L8S8→JLSu2S dn

dmJ8L8S8
D 2

. ~90!

We can consider the production of theJ/c(3S1) state via an
M1 transition from the intermediate color-octet sta
$J8L8S8%51S0. There can also be anE1 transition from the
intermediate color-octet state$J8L8S8%53P0. To evaluate
various quantities in the above equation, we need a des
tion of the color-octet state. There is the short-range rep
sive interaction represented byCc521/6 in Eq.~63!. If the
linear interaction between theQ and Q̄ is strong enough, a
bound color-octet state may be present in the pocket in
intermediate distance range to feed to the observed co
singlet state. The bound color-octet state will most likely
anL850 state rather thanL851 state because the latter lie
at a much higher energy. A bound color-octetL850 state
will make the transition to the color-singlet state by anM1
transition, and there will be noE1 transition in this case.

Due to a lack of knowledge for bound color-octet states
present, we shall consider color-octet states to exist onl
the continuum and shall assume only the color-Yukawa
teraction with no linear interaction. Using such a color-oc
potential, we obtain the wave function in the continuum u
ing methods outlined in Sec. III. TheK factor can be evalu-
ated to give the square of theL8th derivative of the wave
function of the continuum color-octet state at the origin@Eq.
~75!#. The wave functions in the initial color-octet state a
the final color-singlet state can be used to evaluate the m
elements ofM1 andE1 operators. We then obtain the var
ous quantities in Eq.~90!. For the purposes of displaying th
results, we introduce the productFR defined as

FR5UCJ8L8S8A~2L811!!!

4pL8!

1

MQ
L8 FdL8RJ8L8S8~r !

drL8 G
r→0

U2

.

~91!

There is a limit for the maximum energy of an emitte
soft gluon. One envisages that gluons with an energy hig
than vg~cutoff! will be emitted at a shorter time scale an
will be described by perturbative QCD and not by the s
gluon emission through an intermediary nonperturbat
11402
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state. The cutoff of this soft gluon energy depends on
size of the bound state, as the time required for a gluon
travel the length of the radiusR/2 of aJ/c corresponds to an
energy of 2\/R;0.8 GeV. ~Here, R is the separation be
tweenQ andQ̄ which is about 0.5 fm forJ/c.! Therefore the
maximum energy of an emitted soft gluon should be of
order of 0.8 GeV. The extracted color-octet matrix elem
depends on this cutoff gluon energy. We find that a value
vg(max)50.7 GeV gives the best description and is a
proximately consistent with this estimate of 2\/R from the
size consideration. For this maximum value of soft-glu
energy, the invariant mass of the color-octet state is 3.8 G

In Fig. 3 we showuVi j u2, FR , and (dn/dm)2 as a function
of the invariant massmJ8L8S8 of the intermediate color-octe
state for the production of theJ/c state. Corresponding
quantities for the production ofc8 are shown in Fig. 4.

For the production ofJ/c with an M1 transition, the ini-
tial color-octet state is anL850 state. The results of Fig. 3
indicate that the square of the matrix elementuVi j u2 andFR
are approximately constants as a function of the color-o
invariant mass. The density of statesdn/dmJ8L8S8 for L8
50 increases with the invariant mass of the color-octet st
For theE1 transition leading to the production ofJ/c, color-
octet states making theE1 transition areL851 states. The
quantity uVi j u2 increases monotonically from zero as the i
variant mass increases. The factorFR for theE1 transition is
small because it is proportional tov2 @Fig. 3~b!#. Because of
the centrifugal barrier, the density of statesdn/dmJ8L8S8 for

FIG. 3. uVi j u2, FR , and (dn/dm)2 as a function of the invarian
massmJ8L8S8 of the intermediate color-octet state for the producti
of J/c.
5-12
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L851 is zero for color-octet states in the range of invaria
mass up to 3.8 GeV under consideration@Fig. 3~c!#. A higher
energy,L8(L811)/MQR2, is needed for theQ and Q̄ to
overcome the centrifugal barrier to come to a distance oR
;0.5 fm for these angular momentumL851 states. As a
consequence, there is noE1 transition from the color-octe
L851 state to theJ/c state in the region of soft gluon emis
sion. TheM1 transition dominates over theE1 transition for
J/c production. The color-octet matrix elements for vario
transitions are given in Table II. We obtain^O 8

J/c(3S1
(8))&

50.076 GeV3 and 0 for ^O 8
J/c(3S1

(8))&, with the combina-
tion ^O 8

J/c(3S1
(8))&1(3/MQ

2 )^O 8
J/c(3S1

(8))&50.076 GeV3,
which can be compared with the value of 0.066 extrac
from the CDF measurements.

FIG. 4. uVi j u2 andFR as a function of the invariant massmJ8L8S8
of the intermediate color-octet state for the production of thec8
state.
11402
t

d

For the production ofc8, the size estimate gives a max
mum gluon energy of the order of 2\/(1 fm);0.4 GeV
which corresponds to a maximum invariant mass of ab
4.1 GeV for the color-octet state. For the production ofc8,
the radial wave function of the final state has a node an
change of the sign of the wave function. As a result,
matrix elementVi j for the M1 transition involves a high
degree of cancellation and the magnitude of the matrix e
ment is small for theM1 transition@Fig. 4~a!#. For theM1
transition theFR factor is approximately a constant bu
(dn/dmJ8L8S8)

2 increases monotonically withmJ8L8S8 ~Fig.
4!. For theE1 transitionuVi j u2 depends on the invariant mas
of the color-octet state and is much larger than that for
M1 transition atmJ8L8S853.85 GeV. On the other hand, th
FR factor is proportional tok2/MQ

2 @Eq. ~75!# for the E1
transition and is small in magnitude@Fig. 4~b!#. The square
of the density of theL851 states, (dn/dm)2, increases with
the color-octet invariant mass after a threshold. The co
bined result is a smallE1 transition probability for the pro-

duction of c8 as shown in Table II. We obtain̂O8
c8(1S0)&

50.015 GeV3 for the M1 transition, and̂ O8
c8(3P0)&/MQ

2

50.0001 GeV3 for the E1 transition. TheM1 transition
probability is again much greater than theE1 transition

probability. The sum̂ O8
c8(1S0)&13^O8

c8(3P0)&/MQ
2 agrees

approximately with the matrix element extracted in CD
measurements@5#.

It is easy to show that the probability for the transitio
1S0

(8)→(3S1
(1) ,Sz) is the same forSz521, 0, and 1. There-

fore, an initial 1S0
(8) state will lead to an equal population o

the final magnetic substates of3S1
(1) quarkonium and conse

quently gives an isotropic angular distribution of muo
from the decay of the quarkonium.

In J/c and c8 production at fixed-target energies, th
fusion of two gluons is the dominant mechanism of dire
J/c andc8 production and gives rise to the color-octet1S0

(8)

and 3PJ
(8) states. Thus, the direct production ofJ/c andc8

bound states by the emission of very soft gluons occ
mainly through theM1 1S0

(8)→3S1
(8) transition, and the pro-

duced 3S1 bound state will be nearly unpolarized, with a
approximately isotropic angular distribution for the dec
muons. Assuminĝ O 8

J/c(3PJ)&/MQ
2 50 and including the

small contributions from the color-singlet mechanism andqq̄
annihilation, Benekeet al. @6# obtainl50.15 for the muon
angular distribution 11l cos2 u for c8 decay in the
TABLE II. Color-octet matrix elements from Eq.~58!.

Matrix elements from Matrix elements
Matrix element CDF measurements calculated with Eq.~58!

^O8
J/c(1S0)& 0.076 GeV3

^O8
J/c(3P0)&/MQ

2 0

^O8
J/c(1S0)&13^O8

J/c(3P0)&/MQ
2 0.066 GeV3 0.076 GeV3

^O8
c8(1S0)& 0.015 GeV3

^O8
c8(3P0)&/MQ

2 0.0001 GeV3

^O8
c8(1S0)&13^O8

c8(3P0)&/MQ
2 0.018 GeV3 0.015 GeV3
5-13
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CHEUK-YIN WONG PHYSICAL REVIEW D 60 114025
Gottfried-Jackson frame, which falls within the error of th
experimental value ofl50.0260.14 for the c8 at As
521.8 GeV@14#. The experimentall value for directJ/c
production is not yet available. The measuredl value for
total J/c production is 0.02860.004 atAs515.3 GeV@16#
and is20.0260.06 forAs521.8 GeV@15#, which includes
direct and indirectJ/c production from the decay ofx
states. The theoretical calculation ofl for the totalJ/c yield
is still incomplete because of the difficulty of the color-oc
model to produce the observedx1 /x2 ratio @6#.

We now return to the question of the universality of t
matrix elements. WitĥO 8

3S1(1S0)&@ ^O 8
3S1(3PJ)&/mc

2 , the
discrepancy between the matrix elements in the CDF m
surement and the fixed-target measurements is reduced
factor of 2 forJ/c and 4 forc8 @6#. The discrepancy can b
further reduced when one takes into account the phys
masses and allows for the finite energy carried by the
gluon, as suggested by Benekeet al. @6#.

VII. CONCLUSIONS AND DISCUSSIONS

For the color-octet model to be a valid description, w
need to understand the soft gluon emission process. As
soft gluon emission occurs at a late stage of the produc
process, the final state can be described in terms of an in
actingQ-Q̄ potential. We use a potential model to descri
the initial and final states in the soft gluon emission proce

In our discussions of the long-distance behavior of
Q-Q̄ potential, it is necessary to take into account the effe
of the spontaneous production of light quarks as the heavQ

and Q̄ pull apart. Accordingly, the potential at large di
tances is screened due to the breaking of the string. A po
tial which has such a property was used successfully to
scribe the color-singlet charmonium bound states
resonances.

Not much is known about the potential betweenQ andQ̄
in a color-octet state except that it is repulsive at short d
tances. The combined potential may have a pocket d
enough to hold a bound state. A bound color-octet state
relatively long-lived object having interesting experimen
signatures such as the occurrence of chains of pions in
rapidity gap between the produced quarkonium state an
complementary partner as the octet is pulling apart from
complementary color partner.

Due to a lack of knowledge of color-octet bound states
present, we consider color-octet states in the continuum.
our studies, we assume a weak color-octet interaction wh
contains only the repulsive color-Yukawa interaction at sh
cl
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distances to give illustrative results concerning the prod
tion process.

We found that the production cross section depends
three factors: the magnitude of theM1 andE1 matrix ele-
ments, the wave function or its derivatives at the origin, a
the density of the color-octet states in the soft-gluon emitt
region. It turns out that forJ/c production, the magnitude o
the M1 matrix elements is relatively constant for the ran
of soft-gluon emissions, while the magnitude ofE1 transi-
tion matrix elements increases monotonically from zero
the energy of the soft gluon increases. TheE1 transition is,
however, highly inhibited because within the range of lo
energy soft-gluons~up to vg;0.8 GeV!, the density of the
initial color-octetL851 states is zero as a higher energy
needed to overcome the centrifugal barrier. As a con
quence, theM1 transition dominates over theE1 transition.

For c8 production, the transition matrix element for th
M1 transition is small because of the cancellation involvi
a final state whose wave function changes sign in differ
regions ofr. However,k2/MQ

2 is small and limits the contri-
bution of theE1 transition. TheM1 transition is again the
dominant mode of transition.

It is clear from the above discussions that the domina
of the M1 over theE1 transition arises mainly from the
limiting factor of the density ofP-wave color-octet states an
k2/MQ

2 . Thus, the dominance ofM1 soft gluon emission
over theE1 transition is a rather general property which
not affected by a moderate variation of the strength of
Q-Q̄ potential. On the other hand, the magnitude of theM1
cross section is sensitive to the maximum soft gluon ene
and theQ-Q̄ interaction.

In conclusion, while there are questions concerning
color-octet model, some of these may be resolved by car
refinements of the details of the model. In particular, t
dominance of theM1 transition 1S0

(8)→3S1
(1) over theE1

transition 3PJ
(8)→3S1

(1) can explain the isotropic muon angu
lar distribution and reduce the discrepancies of the ma
elements between the CDF and the fixed-target meas
ments. There may be the universality of the color-octet m
trix elements when one takes into account the phys
masses and the finite energies of the soft gluon.
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